The IFM integrates the system EE'S and the global cc's in a fashion paralleling approaches in continuum mechanics (e.g., the Beltrami-Micheli formulation of elasticity (ref.
3)). The iFra is a natural way of integrating the use of EE'S and cc's.
In contrast, the classical force method (refs. 4 and 5) (referred to in this report as "the standard force method" (s_)), satisfies the cc's through the somewhat ad hoc and artificial concept of selected redundant internal forces. Consequently, IFM provides a strong motivation to reexamine the relative merits of the force and displacement methods within the context of the finite element idealization. A project was begun for that purpose, and its results are presented in this report.
The primary conclusions of the comparison are as follows:
(1) The i_,i inherits from the SFM the ability to operate directly on stress parameters and thus to provide potentially more accurate stress results than does the displacement method.
(2) The IFM equations for finite element discrete analysis form a well-conditioned system.
(3) Discrete analysis solutions (stresses and displacements)
obtained by IFM tend to converge to correct solutions more rapidly, in terms of the number of elements, than the same solution generated by the stiffness method. fortheinclusion ofinitial deformations fromvarious sources (e.g., manufacturing tolerances orsignificant thermal effects andmaterial nonlinearities).
Historical Background
It is of some interest to briefly revisit the historical evolution of the various formulations for solving structural mechanics problems, and specifically that of the displacement and force methods.
The concepts of equilibrium of forces and compatibility of deformations are fundamental to analysis methods for solving problems in structural mechanics. There was a certain degree of asymmetry in the developmen t and utilization of these two concepts, as described here.
Early on, when hand calculations were used, the force method was favored because it resulted in a much smaller set of simultaneous equations, usually related to the redundant forces in a roof or bridge truss, than did the displacement method. With the appearance of computers that consideration lost its importance in favor of ease of automation and low computational cost.
Equilibrium can be viewed as a more fundamental concept than compatibility. Engineers have a feel for it, perhaps because it was practiced consciously or subconsciously by the first builders of primitive human habitats in the dim past of human evolution, by the architects of magnificent edifices of biblical empires, and then by the builders of cathedrals, who faced the intricate equilibrium problems of Roman and Gothic arches and domes.
If equilibrium was violated, or was precarious, the construction responded by tumbling down.
Recall that the mere blast of horns is supposed to have caused certain wails in Jericho to collapse in a much simpler era of structural analysis and construction practices.
The point is that equilibrium is such a natural concept that good engineers have alwayshad a feel for it, and it was the guidance for most early achievements. In contrast, the more sophisticated and basically mathematical concept of compatibility certainly was not central to the worries of these early builders and architects; it was n0t even known until mathematicians defined it only a century ago.
Rational principles to define the equilibrium conditions of mechanical forces had an early start with the work of Archimedes (287-212 B.C.) on levers and pulleys. A couple of millennia passed before the upsurge of rational scientific thought during the Renaissance brought about further significant theoretical developments.
With the efforts of many scientists during the centuries that followed, the concepts of equilibrium and compatibility were finally developed in forms that eventually became useful for design calculations. Because it helps to understand how the current computer-automated analysis practices evolved, the history of this development is briefly reviewed. The stationary condition of the IFM variational functional yields all the known equations of structural mechanics along with the novel conditions identified as the boundary compatibility conditions.
The IFM for discrete analysis, similar to SM, is independent of the concept of redundants and the basis determinate structure selection of the classical force method, referred to earlier as "the standard force method" (SFM) (ref. 
Equations of Integrated Force Method

Generation of IFM Equations
The basic WM equations introduced earlier (refs. 1 and 2)
are presented here for completeness and for comparison with the SM equations.* A discrete or discretized structure for analysis can be designated as structure (n,m) where "structure" From the IFM equations (eqs. (1) and (2) 
1FM Solution Procedure
The IVMsolution procedure is illustrated in appendix A for the example of a bar subjected to both mechanical and thermal loads. The prinicipal steps are as follows:
Step 1: Assembly of the system equilibrium matrix [B] .
The system EE matrix 03] is assembled from elemental equilibrium matrices by standard finite dement techniques. The procedure to generate the elemental equilibrium matrix is presented in the section "Equilibrium Equations" of this report.
Step 2: Generation of the global compatibility matrix [C] . Step 3: Generation of the concatenated flexibility matrix [G] . Step 4: Construction of load vector Ipl ".
The IFM load vector/P]' is assembled from mechanical loads IPI and initial deformations I_/10 as defined in equation (1).
Step 5: Solution of IFM equation.
The matrix equation (1) 
Equilibrium Equations
The equilibrium equations, written in term of forces at the grid points of a finite element model, represent the vectorial summation of n internal forces IFI and m external loads [PI.
The nodal EE in matrix notation gives rise to the (m × n)
, which is independent of the material properties and design parameters of the indeterminate structure (n,m). For finite element analysis this matrix is assembled from elemental equilibrium matrices. The force fields have to satisfy two mandatory requirements:
(1) The force fields must satisfy the homogeneous equilibrium equations (here the plate bending equations in the domain).
(2) The force components Fk (k = 1,2 ..... 9) must be independent of one another. This condition ensures the kinematic stability of the element. For the rectangular plate the force field is chosen in terms of nine independent forces:
The variation of the normal moments in the field is linear, but the twisting moment is constant. The assumed moments satisfy the mandatory requirements.
The displacement field that should satisfy the continuity condition (ref. 19 ) is chosen in terms of 12 variables to match the three dof (transverse nodal displacement w i and two rotations Oxiand Oyi per node i for the four nodes) and can be written in terms of Hermite polynomials as
In equation (1 la) the Hermite polynomials are defined as
HH (x) = 4a 2
where X 1, X2 ..... The equilibrium matrix is obtained by substituting moments from equations (10) and displacements from equations (11) into the energy scalar given by equation (8) and integration.
The equilibrium matrix thus obtained is presented in 
the IFM procedure, such as the flexibility matrix and compatibility generation scheme, were kept identical for both 
IFM Consistent Matrix Versus Robinson's Matrix
The IFM matrix bears a remarkable resemblance to
Robinson's matrix except for the following;
(1) There is a change in sign between the two matrices, The reason is that the IFM sign convention is opposite to that of Robinson's notations. For the test example of a clamped plate, however, the discrepancy had a negligible effect on the solution for moments and displacements as shown in In the stiffness method it is a known fact that the solution is sensitive to the choice of displacement fields (refer to eqs.
(1 l) and (13)). In the IFM displacement fields do not have a significant effect on solution accuracy. For the plate problem the two different displacement fields given by equations (1 l) and (13) yielded identical results. This feature of WM is further elaborated in the subsection "Element Level Effect."
Compatibility Conditions
The compatibility conditions are constraints on strains, and
for finite element models they are also constraints on member deformations [/31. The n-component deformation vector is defined as
where 
where D 1 = (Eh3/12), E is Young's modulus, u is Poisson's ratio, and h is the plate thickness.
Substituting into equation (16) Ou Ov
In the SDR'S three strains (ex, %., and 3%) are expressed as functions of two displacements (u and v). The compatibility constraint on strains is obtained by eliminating the two displacements from the three SDR'S, resulting in the single compatibility condition°3
The two steps of St. Venant's procedure to generate cc's are as follows:
(1) Establish the SDR'S.
(2) Eliminate displacements from the SOR'S to obtain the cc's. The well-known equality relating internal strain energy and external work can be written for a discrete structure (n,m) in the following form:
where IX] are the nodal displacements. Equation to obtain the following relationship:
Since the force vector IF] is not a null set, we finally obtain the following relation between member deformations and nodal displacements:
The expression given by equation (19) is the general DDR applicable to finite element models whose EE'S can be Typically the compatibility matrix is much sparser than most other matrices of structural analysis. 
where Nx, Ny, and N_ are the membrane stress resultants and n x and lqy represent the direction cosines of the outward normal for the element interface. The IFM satisfies all 50 equations. In contrast, the stiffness method is based on the 19 EE'S expressed in displacements; the 31 cc's are more or less ignored. Since it is mandatory for the stress fields to satisfy the cc's, their exclusion in the stiffness method reflects on the accuracy of the stress fields. Solution Accuracy To check the accuracy of solutions between the integrated force method and the stiffness method in the context of finite element analysis, we developed two plate bending elements for the IFM: whereas the ASKA code exhibited a residual error of about 2 percent for a 100-element model.
Computer
Automation of Formulations
Analysis by Integrated Force Method
The WM rectangular element assumes cubic distribution for displacements (eq. (11) scored an "A" grade for the first model, consisting of four elements only. MSC/NASTRANQUAD--4required 36 elements to reach "A", and ASKAQUAD--4Was unable to achieve an "A" even with 100 elements.
Results for Triangular Elements
The convergency for the problem using triangular elements 
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Figure 7
•--Convergence analysis of clamped plate with concentrated load by using triangular finite dements. we analyzed several problems (1) by scaling the cc's and (2) without any scaling at all. Scaling had no effect on the solution:
the IV-Mlost only one or two precision points in 14-digit arithmetic for almost all problems solved.
We 
Sparsities of [B], [C], [S], and [K] Matrices
Comparison of Computation Time
The IFM matrix [S] is unsymmetrical and its dimension is (n x n). The SM matrix [K] is symmetrical and its dimension is (mx m), where n >_ m. From this information alone, for identical idealization of a structure with the same number of elements it can be argued that s0]ution by IFM should be numerically more expensive than solution by SM. To examine this issue, we solved three examples (a truss, a frame, and a plate, each with approximately 100 degrees of freedom) for (1) The SM requires a series of transformations and backsubstitutions (from local to global system to generate displacements and then from global to local system to calculate forces). In the IFMmost of the transformations are not required.
(2) The IFM element matrices [B] and [G] can be generated in closed form. 
Damping force:
where [M] and [D] are the mass and damping matrices, respectively.
With the typical assumption that forces and displacements are harmonic in time, we can write
where w is radian frequency, IF],, and [X]m are the force and displacement mode shapes, respectively, and i is the imaginary unit.
The im_ dynamic equation can be symbolized as 
Vibration analysis of the structure by using the ASKAcode was also performed, and identical results were obtained. Solutions of eigenvalue and dynamic excitation problems are reported in references 10 and 13.
Stability Analysis
The IFM has been extended to stability analysis of structures 
1.000
The stability problem was also solved with the ASKAcode and identical solutions were obtained for the simple problem.
Both the integrated force method and the stiffness method can handle gross response analysis; however, the classical force method cannot be extended to dynamic and stability analyses of structures.
Versatility of Integrated Force Method
The integrated force method is applicable to static, dynamic, and stability analyses of structures idealized as 
Concluding Remarks
The features common to the integrated force (IFM) and stiffness (SM) methods are as follows:
1. Both the iFra and the sra are amenable to computer automation.
Both formulations
can handle static, dynamic, and stability analyses of continua and finite element discrete structures.
Both methods have their own variational functionals.
In IFra all internal forces are obtained from loads in a single The compatibility condition, however, is developed systematically. As a more general illustration a simple truss example follows.
Example 1--Fixed Bar
The ivM analysis process is illustrated by taking the example [13](7) = (A2) 2 1 
The two displacements are eliminated from the three DDR'S by simple algebra to obtain one (r = n -m = 3 -2 = 1) compatibility condition. The cc in terms of deformations ([C] IBI = I01) has the following explicit form:
#3
The cc constrains the total elongation of the bars to zero (/31 +/32 +/33 = 0), the same as could have been asserted also by observation in this case. For this simple example or any other complex determinate system the force method should be followed in analyses for the following reasons:
(1) The most important variables, namely forces, required by design engineers are obtained directly in the force method.
(2) The force method requires_ttle computation; unlike for the displacement method there are no simultaneous equations to solve. 
The EE'S of the indeterminate problem given by equation (A15) still contain a triangular factor (as was the case for determinate structures). However, there are fewer EE'S than unknowns, since there are four simultaneous equations and five unknown forces. Equation (A15) cannot be solved for the five unknown forces, hence the indeterminancy. An additional equation is required to augment the system to five equations in five unknowns, which can be solved for the five member forces.
This additional equation is the compatibility condition.
The cc to augment the 4 × 5 EE for the truss is obtained in two steps. In the first step the cc in deformations is generated from the DOS. In the next step the cc in deformations is written in forces by using the constitutive relations. 
